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Section 9.2 Series and Convergence

“STUDY TIP As you study this chapter,
you will see that there are two basic
questions involving infinite series. Does
a series converge or does it diverge? If a
series converges, what is its surn? These
questions are not always easy to answer,
especially the second one.

¢ Understand the definition of a convergent infinite series.
+ Use properties of infinite geometric series.
+ Use the nth-Term Test for Divergence of an infinite series.

Infinite Series

One important application of infinite sequences is in representing “infinite
summations.” Informally, if {a,} is an infinite sequence, then

8

Infinite series

is an infinite series (or simply a series). The numbers a,, a,, a,, are the terms of the
series. For some series it is convenient to begin the index at n = 0 (or some other
integer). As a typesetting convention, it i$ common to represent an infinite series as
simply Z a,. In such cases, the starting value for the index must be taken from the
context of the statement.

To find the sum of an infinite series, consider the following sequence of partial
sums.

Sl=a1
S, =a +a
S;=a, + a, + a,

S, =a,+a,+a;+ - +a,

If this sequence of partial sums converges, the series is said to converge and has the
sum indicated in the following definition.

Definitions of Convergent and Divergenit Series -

[=.=]
For the infinite series ) a,, the nth partial sum is given by
n=1
S,=a,+ta,+- - +a

n*

=)
If the sequence of partial sums {5} converges to S, then the series 2 a,
n=1

converges. The limit S is¢alled the sum of the series.

S=a, +ay+---+ag,+---

If {S,} diverges, then the series diverges.




TECHNOLOGY Figure 9.5
shows the first 15 partial sums of-the
infinite series in Example 1({a), Notice
how the values appear to approach the
liney = 1.

1.25

oy

B I ST W U Y A

JOTE You can geometrically deter-
nine the partial sums of the series in
ixample 1{a) using Figure 9.6.

Figure 9.6

FOR FURTHER INFORMATION To learn
more about the partial sums of infinite
series, see the article “Six Ways to Sum
a Series” by Dan Kalman in The College
Mathematics Journal. To view this
article, go to the website
www.matharticles.com.
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EXAMPLE | Convergent and Divergent Series

a. The series
x 1 I 1 1 1 . ,
n=§]'2—n'—2+4+8+16+"'

has the foliowing partial sums.

5=1
Because
A 2n2:1=1

it follows that the series converges and its sum is 1,
b. The nth partial sum of the series '

,21(%%11)%1“%)*(%‘%)+(%‘%)+"-

is given by

1
n+1

S, =1-

Because the limit of §, is 1, the series converges and its sum is 1.
¢. The series
=4}
Nl=1+1+1+1+" "

n=1

diverges because S, = n and the sequence of partial sums diverges. —

The series in Example 1(b) is a telescoping series of the form

Telescoping series

Note that b, is canceled by the second term, & is canceled by the third term, and so
on. Because the nth partial sum of this series is

Sn = bl - lbn+1

it follows that a telescoping series will converge if and only if b, approaches a finite
number as n — oo. Moreover, if the series converges, its sum is

S=b - lim b,

n—od
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Exercise taken from *Proof
Words™ by Benjamifi'G:
Irt C. Bivens, Mqrhemdﬁ Magazir
October 1988, by permission of the
authors. B F

EXAMPLE 2 Writing a Series in Telescoping Form
IR — .

2

‘. [« 2]
Find the sum of the series E T

n=1
Solution
Using partial fractions, you can write

"o4nr~1 (2n-1)2n+1) 2n-1 20+ 1

a

From this telescoping form, you can see that the nth partial sum is

| 11y, (1 1 1 1 1
S"—(T_g)f(g_g).{“”+(2n—1_2n+1)_1_2n+1'

So, the series converges and its sum is 1. That is, -

= 2 . s 1Y
4n2—1_n'l>‘£‘osn_fl.‘&(1 2n+1)"-lj

Geometric Series

The series given in Example 1(a) is a geometric series. In general, the series given by

Geometric series

is a geometric series with ratio r.

EM9.6 " Corvargence of a Geometric Seres
A geometric series with ratio r diverges if [r] = 1.If0 < |r| < 1, then the
series converges to the sum

& a.
S arr= , 0<r) <l
a=0 o L—r

Proof It is easy to see that the serles diverges if r = £1. If r # £1, then §,=

“a+ar+art+ -+ ar* ! Multiplication by r yields

1S, =ar+ar?+ar*+ .- - +ar

Subtracting the second equation from the first produces S, — rS, = a — ar®. There-
fore, § (1 — r) = a(l — r"), and the nth partial sum is

e ()

S,,=1

If0 < |r! < 1, it follows that r" = 0 as n — oo, and you obtain

lim S, = lim [_‘-’——(1 - r")] -

=300 H—*oO 1 - r

a ) nlo_ 8@
l—r|in1-l-£§o(l r)} 1 —r

which means that the series converges and its sum is a/(1 — ). It is left to you to
show that the series diverges if |r| > 1. ——
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.

TECHNOLOGY Tryusinga EXAMPLE 3 Convergent and Divergent Geometric Series
] graphing utility or writing a computer T —
[ program to compute the sum of the a. The geometric series

first 20 terms of the sequence in o 3 - 1y

Example 3(a). You should obtain a = = 2 3(—)

sum of about 5.999994. =2t & \2

has a ratio of r = % with @ = 3. Because 0 < |r| < 1, the series converges and its

sum is
a_ _ 3 _
SET=5T1-am ¢
b. The geometric series
S (3y 3.9 27
I A
"20 (2) ! 2 4 8
has a ratio of r = 3. Because |r| 2 1, the series diverges. ——

The formula for the sum of a geometric series can be used to write a repeating
decimal as the ratio of two integers, as demonstrated in the next example.

EY.> EXAMPLE 4 A Geometric Series for a Repeating Decimal

Use a geometric series to write (.08 as the ratio of two integers.

Solution For the repeating decimal 0.08, you can write

g8 8 8 8
S m e e o o
102 T T0* T 108 T 108

- 5 (&)

For this series, you have a = 8/10% and r = 1/10% So,

0.080808 . .

_a _ 8/10* 8
0.080808 . . . = T-7 1= /109 = 39"
Try dividing 8 by 99 on a calculator to see that it produces 0.08. ——

The convergence of a series is not affected by removal of a finite number of terms
from the beginning of the series. For instance, the geometric series
= {1 )n oo ( 1 )n
= and =

both converge. Furthermore, because the sum of the second series is a/(1 — r) = 2,
you can conclude that the sum of the first series is

oo

1
=2-F=q
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STUDY TIP As you study this chapter,
it is important to distinguish between an
infinite series and a sequence. A
sequence is an ordered collection of
numbers

- P I - PR

whetreas a series is an infinite sum of
terms from a sequence

ata+---+g, +--"

NOTE Be sure you see that the
converse of Theorem 9.8 is generally
not true. That is, if the sequence {a,}
converges to 0, then the series £ a, may
either converge or diverge.

Infinite Series

The following properties are direct consequences of the corresponding properties
of limits of sequences.

THEOREM 9. 1 Propertles of Infinite Serles

IfZa, = A, Z b, = B, and ¢ is a real number, then the followmg series
converge to the indicated sums.

1. ica =cA

n
n=1

2. S, +b)=a+8

n=

3.3 @, ~b)=4-8

n=

—

nth-Term Test for Divergence

The following theorem states that if a series converges, the limit of its nth term must
be 0.

“THEOREM 9.8

If Ea converges, then lim a, = 0.
n=1

Proof Assume that

a4, =lims,=L
n=]1

n—=co
Then, because §, = §,_, + a, and
lim §, = lim §,_
n—reo n—oo
it fotlows that
L= lim §,= lim (S,_; + a,)
n—og n—o0
= lim §,., + lim a,
n—oo n—oo
=L+ lim a,
L A g =

which implies that {a,} converges to 0.

The contrapositive of Theorem 9.8 provides a useful test for divergence. This
nth-Term Test for Divergence states that if the limit of the nth term of a series does
not converge to 0, the series must diverge.

If lim a, # 0, then Ean diverges.

n—co n=1




STUDY TIP The series in Example
5{c) will play an important role in this
chapter.

You will see that this series diverges
even though the nth term approaches
0 as n approaches co.

The height of each bounce is three-fourths
the height of the preceding bounce.
Figure 9.7
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EXAMPLE 5 Using the nth-Term Test for Divergence

[= 2]
a. For the series Y 2", you have

n=0

lim 2" = oo,
n—oo

So, the limit of the nth term is not 0, and the series diverges.

(==

b. For the series 2

n=1

n!
m—l, you have
n! 1

I 12

So, the limit of the nth term is not 0, and the series diverges.

&1
c. For the series Y, —» you have

n=1]

lim L a.
n—co M

611

Because the limit of the nth term is 0, the nth-Term Test for Divergence does not
apply and you can draw no conclusions about convergence or divergence. (In the

next section, you will see that this particular series diverges.)

EXAMPLE 6 Bouncing Ball Problem
L]

A ball is dropped from a height of 6 feet and begins bouncing, as shown in Figure 9.7.
The height of each bounce is three-fourths the height of the previous bounce. Find the

total vertical distance traveled by the ball.

Solution When the ball hits the ground for the first time, it has traveled a distance
of D, = 6 feet. For subsequent bounces, let D; be the distance traveled up and down.

For example, D), and D, are as follows.
D, = 6(3) + 6(3) = 12()
—

——
Up Down

D, = 6()) + 6()(3) = 126

Up Down

By continuing this process, it can be determined that the total vertical distance is

D=6+ 123) + 123 + 1203’ +- -

—6+12 50 |

n=0
=6+ 120) S @y

n=0

_ 1
o 9(1 : %)
=6+ 94)
= 42 feet.
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Exercises for Section 9.2

Sev Uil iy for vacked vl solifnons fooorhs neeey e

In Exercises 1-6, find the first five terms of the sequence of
partial sums,

1 2 3 4 5
+ + + +

2 23 3-4 4-5 5'6+6 7
3.3-2+2 81
R e s

x 3
5. Pyl

nzvlznl

B (-y*!
. § 8

In Exercises 7-16, verit‘y that the infinite series diverges.

v 8.6

=0
9. 3 1000(1.055)" 10. 22(—103)~
n=0 n=0
& n = n
11. "21 r+1 12. ,2’1 2+ 3
n® & n
. 4. —
13 r1=l’!2“}”‘1 1 nZan2+I
& 2r+1 3 n!
15. 3 S 16. 27

1

a3
]

In Exercises 17-22, match the series with the graph of its
sequence of partial sums, [The graphs are labeled (a), (b}, (c),
(d), (e}, and (f).] Use the graph to estimate the sum of the series.
Confirm your answer analytically.

(8 3, b) 5,
Sy 4-T
I+ g%essesese 3+ .......
T 2+ *
-
I e 4
—H— -
12345678% 123456785%
(¢) S d) S
4+ 61-
54 @
Jfrgoat e a1 ' . .
22 34
2T . .
1T s "
1T
— e e e el
123456789 1234567859

(e} Su f) Sn
204 6%
'Y R R NN 5L
1514
4 eTetase
1.0 34,
0.5+ 2
A '
~1[123456789 B B e o R
A 11123456789

= 9/ 1y = 2V
17. nznz(z) 18. n=0(3)
= 15/ 1V = 17/ 8\
19. 20 2 ( 4) 20. RZO 3 (- 9)
[~} 17 l n o 2 n
n § 3( 2) 2. 2(5)

In Exercises 23-28, verify that the infinite series converges.

23, {Use partial fractions.)

b8

1t
Laln + 1)
(Use partial fractions.} ~
2. $2 (— -lu)"
: n=1 2

1 +09 + 081+ 0729 +- - -

8

1
2. = nln + 2)

2. 32 G)
=0

1. § 9y =

A={

28 $ (06 =1-06+036-0216+ - -

ﬂ Numerical, Graphical, and Analytic Analysis In Exercises

29-34, (a) find the sum of the series, (b) use a graphing utility
to find the indicated partial sum S, and complete the table, (c)
use a graphing utility to graph the first 10 terms of the sequence
of partial sums and a horizontal line representing the sum, and
(d) explain the relationship between the magnitudes of the
terms of the series and the rate at which the sequence of partial
sums approaches the sum of the series.

w7l 5|10 20] 50| 100
. "2, aln +3) 0. 3 T D
2(0.9y~ 32. E 3(0.85y 1
n=1 n=|
oo oo n—1
33. E 10{0.25y"~" 34. 25(—%)
n=1 n=1

In Exercises 35-50, find the sum of the convergent series.

z 1
3. 3 e

2 n(n +2)
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$3. 1+ 0.1+ 001 + 0.001 +
%8+6+5+%+. ..

$B.3-1+3-5+-
$6.4-2+1-3+-
. (i—i) 1. S0 + (097)
ks St o
==} . " fr.r l
0.z, D Py

in Exercises 51-56, (a} write the repeating decimal as a
zeometric series and (b) write its sum as the ratio of two integers.

51, 0.4 52, 09
53. 0.81 54. 0.01
35. 0.075 56. 0.215

[n Exercises 57-72, determine the convergence or divergence of
the series,

57, iTnﬁme—i 58. :1 ’;n_-l_—-l—l
59-}2(%',;41-2) m.ulm
L. 21 Z: 7 i o ..21 ’31:
E “ 5

35. Eo(lms)" | 66. z o

7. 221-5; 68, 2 ln%

». HEI (1 * f)" 70. RE::! a

. il arctan n 72. ijl l“(n -.: l)

.
|

Writing About Concepts

73. State the definitions of convergent and divergent series.
74. Describe the difference between lim a, = 5 and

o0
zan =35,
n=]

75. Define a geometric series, state when it converges, and give
the formula for the sum of a convergent geometric series.
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Writing About Concepts {continued)

76. State the nth-Term Test for Divergence.

+
77. Leta, = nn_l Discuss the convergence of {a,} and

80
a

n=1

78. Explain any differences among the following series.

@ Sa ® 5;1 o © Sa
a=1 = A=l

e

In Exercises 79-86, find all values of x for which the series
converges. For these values of x, write the sum of the series as a
function of x.

n S 80. § (o
n=1 n=l
[~} ! oo —_ 3 n
81. — 1) 82, 4(" )
S S
8. § (~1px 84. S (— 1)
n=0 n=0
' =] 1 r oo xZ n
s 5 (1) w5 ()

87. (a) You delete a finite number of terms from a divergent series.
Will the new series still diverge? Explatn your reasoning.

{b) You add a finite number of terms to a convergent series.

Will the new series still converge? Explain your reasoning.

_ 88. Think About It Consider the formula

1

=1l+x+x2+x+- -
x—1

Given x = — 1 and x = 2, can you conclude that either of the
" following statements is true? Explain your reasoning.

(a)l=1—1+1—-1+---

b) ~1=1+24+4+8+-

; B In Exercises 89 and 90, (a) find the common ratio of the

geometric series, (b) write the function that gives the sum of the
series, and {c) use a graphing utility to graph the function and
the partial sums 5, and S;. What do you notice?

3
X
L

90. 1 3

x*
2 ST bl
89. 1 +x+x2+x + 217

ﬂ In Exercises 91 and 92, use a graphing utility to graph the

function. Identify the horizontal asymptete of the graph and
determine its relationship to the sum of the series.

Function Series
. flx) = 3[ (%55)*J 2,3 (%)
© 8)"] 2 2(%)"

92. f(x) = 2[1__—08 i




